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Abstract

We construct the universal enveloping algebra of a Leibniz n-algebra and we prove that the
category of modules over this algebra is equivalent to the category of representations.

We also give a proof of the Poincaré-Birkhoff-Witt theorem for universal enveloping algebras
of finite dimensional Leibniz n-algebras using Grobner bases in a free associative algebra.
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1. Introduction

In the framework of Hamiltonian mechanics the equations of motion are given by
means of the Hamiltonian operator H, % = {H, f}, where {—, —} denotes the classical
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Poisson bracket which is defined by {fi, fo} = %%—’;2 - %% for a function f defined
on R2.

In 1973, Nambu (Nambu, 1973) proposed the natural generalization of last equations
from a binary bracket to a ternary bracket, and in general to an n-ary bracket for functions
defined on R™, given by the jacobian of the function f = (f1,...,fn). The Nambu-
Hamilton generalized equations of the motion include n—1 Hamiltonian operators and the
n-ary bracket satisfies a generalized Jacobi identity. So a new kind of n-ary algebras was
born, the so called Nambu-Lie algebras. This structure was also introduced by Filippov
(Filippov, 1985) in the framework of the geometry.

Nevertheless, in the 80’s, Loday (Loday, 1993) introduced a non-skew-symmetric ver-
sion of Lie algebras, the so called Leibniz algebras. This algebraic structure had a promi-
nent development from the 80’s and it was the subject of a lot of papers in various fields:
algebra, geometry, physics, etc (Ibdfiez, de Leén, Marrero and Padrén, 1999; Kinyon and
Weinstein, 2001; Hagiwara and Mizutani, 2002). Motivated by this ideas, in 2002 Casas,
Loday and Pirashvili (Casas, Loday and Pirashvili, 2002) introduced the n-ary version of
Leibniz algebras, called Leibniz n-algebras, whose skew-symmetric counterpart are the
Nambu-Lie or Filippov algebras. The main examples of Leibniz n-algebras which are not
Lie n-algebras are the Lie triple systems (Jacobson, 1949; Lister, 1952).

The construction of the universal enveloping algebra UL(g) of a Leibniz algebra g was
given by Loday and Pirashvili in (Loday and Pirashvili, 1993), where they show that the
category of representations of a Leibniz algebra g is equivalent to the category of right
modules over UL(g) and they also give a Poincaré-Birkhoff-Witt theorem for this kind
of algebras. In (Insua and Ladra, 2006) a different proof of this theorem is given using
Grobner bases. The proof of the PBW theorem for Lie algebras using Grébner bases was
given by Bergman (Bergman, 1978). The representation theory of Lie triple systems was
given in (Jacobson, 1949; Harris, 1961; Hodge and Parshall, 2002) where they introduced
the construction of a universal enveloping algebra for a Lie triple system and a PBW
type theorem.

The aim of the present paper is to describe the representations of Leibniz n-algebras
by means of a universal enveloping algebra and to establish a PBW type theorem that
allows us to make calculations in a similar way as in a ring of polynomials K{[z1,...,zy].

The paper is structured as follows. In Section 2 we recall basic results on Leibniz n-
algebras. In Section 3 we construct the universal enveloping algebra U,L(L) of a Leibniz
n-algebra £ and we prove that the category of representations of a Leibniz n-algebra
L is equivalent to the category of right modules over U,L(L). In Section 4 we give
a proof of a Poincaré-Birkhoff-Witt theorem for universal enveloping algebras of finite
dimensional Leibniz n-algebras using Grobner bases in a free associative algebra. In the
last section we write a program in NCAlgebra (a package running under Mathematica)
which calculates Grébner bases of the ideal that determines U,L(L), for small values of
n and low dimensions of L.

2. Leibniz n-algebras

Definition 1. A Leibniz n-algebra (Casas, Loday and Pirashvili, 2002) over a field K is
a K-vector space £ equipped with an n-linear map, [—,...,—] : L& — L satisfying the



Leibniz n-identity (or fundamental identity)

n

Hxlv e 7xn]7y17 DR 7yn71] = Z[xl, ey Ti—1, [xiaylv e 7yn71]7x72+17 cee 71.77,] .
=1

A morphism of Leibniz n-algebras £ — L’ is a K-linear map that respects the n-
bracket.

Example 2. a) Let us observe that for n = 2 the fundamental identity is the Leibniz

identity (Loday and Pirashvili, 1993) and so a Leibniz 2-algebra is simply a Leibniz
algebra in the sense of (Loday, 1993).

Clearly a Leibniz algebra g is a Lie algebra if the condition [z, 2] = 0 holds for all
x € g. Associated with any Leibniz algebra g there is a Lie algebra gri. = ga%,
where g*™ is the two-sided ideal generated by {[z,z]| = € g}.

Similarly, for n > 3 an n-Lie algebra or an n-Nambu Lie algebra (Nambu, 1973) or
Filippov algebra (Filippov, 1985) is a Leibniz n-algebra that moreover satisfies the
identity [z1,...,24,...,2j,...,2,] = 0 if ; = z; for 1 < 4,j < n. Such algebras
have a relevant role in Nambu mechanics which is a generalization of Hamiltonian
mechanics involving multiple Hamiltonians (Nambu, 1973; Takhtajan, 1994).

Let V be an (n + 1)-dimensional vector space with basis {ej,es,...,ep4+1}. Then
we define [21, 2o, ..., 2,] ;= det(A), where A is the following matrix

€1 €3 ... Ept1

Tl To1 - .. T(ng1)l

T2 22 ... T(nt1)2

Tin Top - T(nt1)n

and x; = w1;e1 + Toie2 + -+ + T(nt1)i€nt1. Then V equipped with this n-bracket
is a Leibniz n-algebra.

Another big class of Leibniz 3-algebras is the so called Lie triple systems, which were
first noted by E. Cartan (Cartan, 1952) in his study on totally geodesic submani-
folds and were studied from the algebraic point of view by N. Jacobson (Jacobson,
1949) and Lister (Lister, 1952). Let us recall that a Lie triple system is a K-vector
space equipped with a 3-bracket [—, —, —] that satisfies the same previous funda-
mental identity and the conditions [z, y, 2]+ [y, z, 2]+ [z,2,y] =0 and [z,y,y] = 0.

We denote by ,Lb and Lb the categories of Leibniz n-algebras and Leibniz algebras,
respectively. The Daletskii’s functor (Daletskii and Takhtajan, 1997) D,, : ,Lb — Lb
assigns to a Leibniz n-algebra £ the Leibniz algebra D, (£) = £L&("~1) with the bracket

n—1
(01 @ @ap 1,01 @ @by 1] =Y ar1®-- @ [ai, by, by 1] @ Qapq
i=1

Conversely, the “forgetful” functor U,, : Lb — , Lb (Casas, Loday and Pirashvili, 2002)
means that if g is a Leibniz algebra then it is also a Leibniz n-algebra with respect to
the n-bracket [—,...,—]: g®" — g given by [z1, -+ ,2y,] := |21, [T2, - [Tp_1,70]]] -



3. Universal enveloping algebra

Definition 3. A representation of a Leibniz n-algebra L is a K-vector space M with n
actions
[, =] LYo Me L s M, 0<i<n-—1,
satisfying the following (2n — 1) axioms:
RL. if 2<k<n,

pk([lla .. '7ln]7l’n+17 .- -512n72) = sz(lh LR 7227 .. aln) : pk(li7ln+17 .. -71277,72) y
=1

R2. if 1<k<n,

n—1
o1y - lan—2), ol b )] =D (s bty [lis by -y lan el L, -y lnet)
i=1

where the multilinear applications p; : L1 — End (M) are defined by
pi(lla ey ln,l)(m) = [ll, ey li,l,m, li7 N ,lnfl], 1 é ) S n,

and the bracket in Endg (M) is the usual for associative algebras.

A particular example of representation is the case M = L, where the applications p;
are the adjoint representations ad;(l1,...,lh—1)(1) = [l1,. .., i1,y oy ln—1] -

The notion of representation of a Leibniz m-algebra for n = 2 coincides with the
corresponding notion given in (Loday and Pirashvili, 1993).

Given a Leibniz n-algebra £, we consider n copies of the Leibniz algebra £2("~1: one
left copy, (n—2) middle copies and one right copy, denoted by (L&Dl (L&) (] <
k <n—2)and (£L2=D)"  respectively.

We denote by lj,g.-.®1, 1; kMhe-ol, ;1 <k<n—2, r g1, , theelements of
(L= (£2Mm=Dym 1 < k< n—2, and (L2~D)" corresponding to l; ®- - @1, 1 €
£2(=1) We consider the tensorial algebra

T ((£30D) @ (£8E-Dym @ 12 @ (L0 D) g (L5 D))

and the following relations which come from R1, R2 if we adopt the following notation

pilli, .. 1) =l gl,
pk(ll, . 7ln—1) = k-1 R, for 2 S k S n—1
pn(lla ey lnfl) = rll®"'®ln—l

where Iq,...,l,_1 € L,
RL.if2<k<n-—1,

(1) k=11 1]l 41®...®lan—2 — ll2®---®ln' k=1 @l 1 ®...@lan—2 T

n—1

E 1My o oTe..ol, k1ML 18. . ®lan—2 T Th®. .Qlu—1 " k=1TU,®ln1®...Blan—2 5
=2

if k=n,
(2) Tl iln)®ly41®...®lap—2 — llz®~-®ln TR 41®...Qlan—2 +
n—1

E i71m11®...®/l\i®.u®ln T @lyp1 @ ®lzn—s T Th@. . ®lio1 " Tl @l 1®...®lan_z
=2



R2.ifk =1,

(3) U@ ®lan—2 @ @l — @ Ol y U@ ®lan = U100l 1, ln®...0lan_2] §
if2<k<n-—1,

(D) U, @..lan 2" k=1 & @l 1~ k=1 @ @ln—1 U@ ®Blon 2 = k—1ML@... b1, ®...0Ol2n_2] }
ifk=mn,

(5) l1,®...®lon—2  Th@..®lios ~ Th®.8lno1 " Un®Blan-s = T1®..Bln-1,ln®.. Blan_2]
Let us observe that from the relations R1(2) and R2(5) we derive the following relation

n—1
’
(1) E iflml1®~~~®l/;®m®ln TL®U1®.lon—2 T L@@l rln®ln+l®'”®l2n72+
=2

2n—2

Th@l1®®lan—z * Ua@-@l, T E , "h@lpy1 ® -+ @ lim1 Olli 2, n)®lipr - ®lan—2 0
i=n+1 —

i—n—1
and from the relations R1(1) and R2(4) we deduce the following relation for all 2 < k <
n—1

n—1
/
(2) r@-@l,s k=1, @l 1@ @lan 2 + z :i_lmll®~--®a®~-®ln ’ k_lmli®ln+1®'"®l2n—2+
i=2

2n—2

=1 @, 1@ Rl 5 U2 @@l T Z =1 @l @ -+ @ i1 ®lisla el ®ligr - ®lon—2
1=n+1 N——

i—n—1
0.
The cancelation of R2(3) on itself induces the following relation

’ _
(3) l[l1®"'®ln717ln®"'®l2n72] + l[ln®"'®l2n72)ll®"'®ln—1] =0.

Definition 4. The universal enveloping algebra of a Leibniz n-algebra L is the unitary
associative algebra

U,L(L):=T ((ﬁ@(n—l))l ® (£®(n—1))1m ®n-2 g (£®(n—1))n,2m ® (£®(n_1))r) /1
where [ is the n-sided ideal corresponding to the relations R1(1), (2) and R2(3), (4), (5).

Proposition 5. The category of representations of the Leibniz n-algebra L is equivalent
to the category of right modules over U,L(L).

Proof. Let M be a representation of £. We define a right action from U,L(L) on the
K-vector space M as follows. Firstly (£&m=D)l (£&(=1)yem 1 <k <p—2, (L2C=1)r
act on M by

m- lll@“‘®ln—1 = [ma ll7 cey ln—l}
m:iMmye...el, 1 = [117 s 7lia m, li+17 s ,ln—l]a 1<i<n-2
m-Th®  Qlp_1 = [llv vy lnt, m]

then we extend these actions to an action of
T ((£®(n71))l ® ([’®(n71))1m @en-2 g ([’®(n71))n_2m & ([’®(n71))r>

by composition and linearity.
The axioms R1 and R2 of the representation imply that the relations R1(1), (2) and
R2(3), (4), (5) act trivially. So M is endowed with a structure of U,L(L)-module.



Conversely, we start with a U,L(£)-module. The restriction of the actions to (L&~ 1),
(£&Mm=Dyim m2(L@n=1))n-2m (£&M=1) hrovides n actions of L") which makes
M a representation of £. O

Remark 6. In case n = 2, that is, for Leibniz algebras, we recover the construction
of the universal enveloping algebra of a Leibniz algebra and Proposition 5 reproduces
(Loday and Pirashvili, 1993, (2.3) Theorem).

In case n = 3, we recover the construction of the universal enveloping algebra of a
Leibniz 3-algebra and Proposition 5 reproduces (Casas, 2006, Theorem 4.3).

Thanks to relation R2(3) we have that the subalgebra spanned by the elements
oo, 1,1 @ @11 € LO" L is isomorphic to U((LE" 1) 1).

Definition 7. Let £ be a Leibniz n-algebra and A an associative algebra. A n-homomorphism
from £ to A consists in a n-tuple of K-linear maps (p1,...,0n), @i : L1 — A1 <

i < n, satisfying the following relations:

a)if 2<i<n,

il ] @by ® - Qlap—2) =1l ®-- 1) 0i(li Qlpt1 @ -+ ® lap_2)+

n—1
Z<ﬂj(l1®~-~®lj®--'®ln)'@i(lj®ln+1®“-®l2n—2)+
j=2

SOn(ll ®...®ln71) . @i(ln ®ln+1 @...®12n72)’
a)if 1 <i<n,
SDi[ll ®...®ln_1,ln®...®[2n_z] —
P1(ln @ @lap2) i1 ® - @lp_1) —@i(L @ @ lp_1) - P1(ln @ -+ D lapn_2).

Remark 8. In case n = 2 we recover the definition of bihomomorphism (Aymon, 1997)
and in case n = 3 we recover the definition of trihomomorphism (Casas, 2006).

Given a Leibniz n-algebra £ there exists a canonical n-homomorphism (¢1,...,¢n)
from L to U,L(L) given by

lll®'-~®ln,1 for 1 = 17
Qpi(ll R ® ln—l) = i*lml1®"'®ln—1 fOr 2 S 7 é n — 1’
TlH® - ®ln—1 for ¢ = n.
Proposition 9 (Universal Property). The canonical n-homomorphism (¢1,...,¢n) :

L£Em=1 — U,L(L) is universal for the n-homomorphisms of L, that is, yHom(L, A) =
Ass(U,L(L), A).

Proof. Let (6;,...,0,) be a n-homomorphism from £ to A. We define a K-linear ho-
momorphism (LE~D) g (£OM=Dyim @ n2 g (LOM=D)n-2m g (£LOM=1))r . A by
lhg-ci,, — (i ® - @ lh1), eMpygegl, , — Ol @ ®@1lpo1), 1 < k <
n—=2, ", @.wl, , — On(l1®---®1,_1) which extends to T (L2~ D)lg(LOm=1)1m gy n-2
@ (LZ(=D)n-2m gy (£8(=1))7) and vanishes on I, so it induces a homomorphism of as-
sociative algebras U,L(L) — A.



Conversely, given a homomorphism of associative algebras f : U,L(L) — A, the
n-tuple (f o p1,...,f o pp) is a n-homomorphism of £. Moreover, both processes are
inverse. O

4. PBW theorem for Leibniz n-algebras

Loday and Pirashvili (Loday and Pirashvili, 1993) show a Poincaré-Birkhoff-Witt the-
orem for any Leibniz algebra. Here, we give a proof of a PBW theorem for finite dimen-
sional Leibniz n-algebras using the theory of Groébner bases.

Let £ be a finite dimensional Leibniz n-algebra with a K-basis {e1,...,eq}.

Identifying

T ((‘C@(nfl))l ® (‘C@(nfl))lm N2 @ (£®(n71))n72m @D (£®(n71))r)

with K<Xg s, 1y kYs1 o sn 1) Zs1risn1> S15---,5n—1 € {1,...,d} via the mor-
phism ®(lesl®---®€sn_l) = Ts1,8n-10 (I)(kme,,ql@m@esn_l) = kYsi,8n-10

O(re, @..®e.. ) = Zsy,..s,_, the relations R1(1), (2) and R2(3), (4), (5) are translated
into

n—1

(1) q)( k—lm[esl7“‘,esn]®esn+1®...®352n72) = Tsy,..,50 " k—1Ys1,5n 410,820 -2 +
n—1

§ i—lyshm};‘i,m’sn C k—1Ysi,S5nt1,-y82m—2 + Zsy, 8o k—1Ys,,8n41,..r82n—2

=2
(2) (T[esl,...,esn]®esn+l®...®652n72) = Tsy,sn  Fs1,snqtsamo2 T

n—1

E : i_lysl,...,;,‘..,sn T R8i,5n 41052 -2 T Zs1,eysn1 T ZSn,Snd1seyS2n—2

=2
(3) Lsp,sng1seSan—2 Ts1,sn 1" L1501 Lsp,snq1,e,s2n_2 = (p(l[esl®---®Bs",1,Gsn®---®€s2n,2])
(4) LspyoiySom—2' k—1Ys1,..,8n—1 " k—1Ys1,....sn—1 Lsp,...,80m—2 — (I)( kflm[esl®...®esn71,esn®...®e‘52n72])
(5) Lsp,oonSan—2 " #1581 281,801 " Lsn,onson_2 — (I)(T[esl ®<~~®€sn_11esn®-<~®652n_2])

Thus, we can use the theory of Grébner bases on K <X, . s 15 kY51, 5m 15 Ds1,ism 1>
(Green, 1994; Mora, 1994) to obtain results in the universal enveloping algebra U,L(L).
We will obtain a proof of a PBW theorem for Leibniz n-algebras calculating a Grobner
basis of the ideal ®(I) C K<Xs, .. sn 1» kY51, 50 11 Zs1,....s,_, > generated by the rela-
tions (1)-(5).

We fix the degree lexicographical ordering on K <Xy, . o 15 kY1, on 1> Zs1,ism_1>>
with Zg, s, 1 > kYe1,...sn 1 > X, ...sn_, and each variable is ordered by the subindex
with respect to the left degree lexicographical ordering.

Let {g1,...,9,} be a K-basis of (£L2("~1))am We adopt the following notation. If X =
{Zir,in 1 Finsin 1 €{1,...,ay We will denote by z7“ ;  the element that it is a places to
the right of z;, .. in X ifa > 0, and a places to the left of z;, . ; _, en X ifa < 0 and

by ai1,...,an—1 € {1,...,d} the indexes such that xfl(f:gn_l = T44..4- 50, we have X =

X1 || X2 where X7 ={z,, ,,... ,xfl(,i},)oén_l} and Xy = {xﬁf??_,an_l, e ,xfl(f:gn_l .
Moreover we can suppose (to simplify the notation) that the basis has the form

g1 = xa#l(g?.,an_l + fl(Xl)
go = ﬂcfl(,l.?.,an_l + fo(X7)

lin—1



9p = I‘ﬁl(yl?f1]£’é)n—l + fp(Xl) :

The proof of this theorem is divided in three parts. In the first one, we proceed to
identify the two-sided ideal (£L®(~1))2m2 generated by {[z,z]| = € £L2(*~1}, since this
ideal plays an outstanding role in the demonstration. Secondly, we obtain a minimal set
G from the generators of ®(I); and, in third place, we verify that G is a Grobner basis
of ®(I). We have divided the proof into a sequence of lemmas.

Lemma 10. The ideal (L2M=1D)2 js generated by
{lei @ ®ei,_y 6, @ @i, |}y, inret,ay U{len ® - ®ei, 1,65, @6, ]+
[ejl @ ®ej, 1,6 & & einfl]}il7---1in—17j17---1jn—1€{1,...,d},(i1,»--,in—1)7£(j11~~»7jn—1)'

Proof. Since L&~V is a Leibniz algebra, the proof is analogous to (Insua and Ladra,
2006, Theorem 5). O

Lemma 11. The ideal generated by the relations (3)
{"'L‘Snysn+lw~~552n72.xslauwsnfl_'r'slwugsnfl-$5n55n+17~~732n72_¢(l[esl®---®esn71,esn®»--®eszn72])}

is the same that the ideal generated by

C= {l'sﬂ,,sn+1,...752n_2'xsl,...,sn_l*xsl,...,sn_l':L'sn,sn+1,...,52n_27(1)(1[651®...®esn_l,esn®...®esgn_2])}
U{g1,....9p} with s1,...,80n—2 € {1,...,d} and (s1,...,80-1) < (Sns-..,S2n—2).

Proof. Straightforward. O

Lemma 12. The ideal generated by C' is the same that the ideal generated by D =
{xsﬂ,,sﬂ,+1,...752,,,_2'msl,...,sn_l*xsl,...,sn_l'msn,sn+1,...,52n_27(1)(1[651®...®esn_1,esn®...®esgn_2])}
U {g1,...,9p} with s1,...,89—2 € {1,...,d} , (51,...,80-1) < (Sn,...,S2n—2) and
Lsp,Sni1yes82n_2 ¢ Xo.

Proof. Let bez;, dnttsesdezn—2 Titsein—1 "L, in=1 Lin,dntisefon—2 _(I)(l[ejl ®...0€j,, _1:€jp ®~-~®ej2n72])

#(s—1) _
such that L fnts. € X» and s € N such that Lar,.an—1 = Ljn,jni1,.jon—2-

wJ2n—2
Ijn,jn+1,...,j2n_2'le,...,jn_l*l‘jl,...,jn_l'Ijn,jn+1,...,j2n_2*‘I)(l[eh@...@ejn_l,ejn®...®ej2n_2])
—>{795~ij \j TR Gn_19s} _(I)(l[ej1®...®ej-n71,ejn®‘..®ej2n72])_fs(Xl)'le,4.,,jn,1+1’j1,4,,7jn71'
fS(Xl) = 7(@‘191“.1 Tt +azl,...,an,1 ./I’\alv“van—l) "Ly, a1 +Ij17---1jn—1 : (ail.“l .
1.1+ '+agl,..‘,o¢",1 ./x\alanwanfl)_@(l[ejl ®~~»®ej"717ejn®»--®ej2n72}) = a‘il..‘l.(lew"'vjnfll
T11..1 — Z11..1 - $j17~~~,jn71) + .o+ afxl,‘..,an,l : (Zv\jlvwa.jn—l ’ /x\aly-uyan—l - /‘r\ahm,an—l ’
:/E\jl,--an—l) - é(l[€j1®'-~®€jn71;ejn®~~®ej2n72] .

So two different cases are possible: x;, .
I) Tji,iin_1 € Xo.

Let be g, = xfl(r_l) +/r(X7).
—_————

€ Xporaj,, 5, , & Xo.

-wjnfl
seeey QO —1

For every xy,,. ¢+, , € X it is verified
Ljtsesin—1"Tt1,tn1 " Ltr,stn_1 " Lji,efn1 _>{7g7<»a:t1 ,,,,, P ty_q1-97} _fr(Xl)'xtl,...,tn,l‘F

J— T s
Tyt Sr(X1) =afy - (CT10 Tty Tt T11) e ag

n—1



~ ~ ~
(_‘rtl’m,tnfl "Lyt + Lty,oitn_1 * xt1,~~7tn71) +.. ‘+aa1,...,an,1 '(_xa1,~~7an71'xthm,tnfl—‘r

~ ~ r o~
Lty,tn_1” ‘/'Ealwu;anfl) —p (11..1 '¢(l[61®~~®51a8t1 ®m®etn,1]> +...4+0—...— Aagyeyan_1’

‘I’(l[ef,1®...®ef,n_1,ea1®.<.®ean_1]) b —‘I’(l[etl®...®etn_1,—ej1®...®e,-n_1+gr]) =
P(lfes, ®...0er,_, 05, ®--0¢5,_,1) — PUler,®..0e0,_,,001) = Plller, ®..0er,_, 5, 0...0e5,_,]) De-
cause [e;, ® ... ® e, ,,9r] = 0 by the fact that g, € (L&(—1))ann,

Then the initial expression reduces to
_¢(l[ejl®-~~®e]‘n717ejn®~»-®€j2"72]) - ail...l ' (b(l[ej1®»--®€jn71,61®~~»®61]) e a(sxl,“.,an,l :
(I)(l[ej1®4..®ejn_1,ea1®.“®ean_l]) = 7¢(l[€jl®...®€jn_1,gs]) = 0 because gr € (£®(n*1))ann.
D) .5y € X1

The initial expression reduces to
7(1)(1[61'1 ®...Q€j5, _, 7€jn®~-®€j2n_2])+aklgl..41 '(I)(l[e1®---®€1,€jl ®-~®€jn_1])+‘ : '+a§n,u.,j2n,2 0—
R ail,...7a,,b,1 ) ‘I’(l[e“@...@ej,n,l,ea1®‘..®ean,1]) b —‘I)(l[e“@..@ejn,l,e]-n®m®ej2n,2]) -
ail...l : (I)(l[ejl®...®ejn_l,el®...®el]) e azsml,...,an_l : q)(l[eh@...@ejn_l,€a1®-..®ean_1]) =
7¢(l[€jl®.u®ejn_17gs]) =0. O

Lemma 13. The ideal generated by the relations (3), (4) and (5) agrees with the ideal
generated by E = D U{%s, 50,5 * k=1Usiirsnos = k=1¥s1,snor * Tsppsan_z —
(I)( k—1Me,, ®~.®65n71,€5n®u‘®6527172])} U {'/'L‘Sn;<-~752n72 TZ81,eSn—1 T R8T,y Sn—1 Ly, Son_2
P(rle,, ®..@ee, | ean @ @eny, 1)} With 1,00 Son0 € {1, d} , Ts, 51,5005 & X2
and k€ {2,...,n—1}.

Proof. Let s1,...,89,—2 € {1,...,d} such that =, ,, , € Xo and r € {1,...,p}

such that g, = x5, . s, o + [r(X1).
xsn,...,52n_2'k,lysl,..,,sn_l_k,1ysl,...,sn_1'xsn,...,SQn_g_q)(kflm[esl®...®esn_l,esn®...®es2n_2])

*){k;flysl ..... Sy 9T IT e —1YS ],y Spy 1} 7<I)(k_1m[651®~-®esn_1765n®'“®552n—2])+ k=1Ys1,..osn_1"

Jr(X) = fr(X1) k=1Ysis0m1 = —Phm1Me,, @060, e0n®@.@euy, 1) T011 1 (k=1Ys1 0
P11~ 11 k1 Ys1esney) o T o (k= 1Tsy st Ty — Doy
k—lil//\sh...,snfl) —E _¢’(k—1m[esl®...®esn71,esn®...®632n72])_a§1..41'(I)(k—lm[e”@m@esnfl,esl®...®el])_

/\T = p— =
s T Qo cb(kflm[esl®...®e_gn71,e(,1®...®ean71]) = _(I)(kflm[e,g1®...®esn71,gs]) =0.
If we repeat again the previous process for the another relation we will obtain
Lspyooysan_2 " #s1,08n-1 — 281,801 " Lsp,nsan 2 (I)(T[esl®,..®esn,1,esn®.,.®esznf2]) —E
0. O

Proposition 14. A minimal Gréobner basis of the ideal generated by the relations (1)-(5)

18
n—1
G=EU {"'I;S25~~7Sn © k—1Ys1,5n41,e 8202 T E iflysl,“.:s\i,.“,sn © k=1Ysisni1,820-2 T
=2

Zs1yeysn—1" k—1Ysn i1, 82m—2 (I)( k_lm[esl7~~<7esn]®esn+1®-'-®632n_2)} U {x82,-~~78n'281,3n+17---732n72 +
n—1

i-1Y, = ; 'ZSi,Sn+1,---7S2n—2+zs1,~-,8n—1'ZSn,Sn+1,--»7S2n—2 - CI)(T. €5y 5-erCsy | ®Es R...Qes,, _ )}
S1, 1 n n+1 2n—2

©3SiyeesSn
=2



with respect to the degree lexicographical ordering on K <X, . s, 1y kYs1,sm 1> Zsr,ersn_1>
with Zslvuvvsn—l > kY51>---,5n—1 > XSl»--~7Sn—1'

Proof. We will prove that all overlap relations of elements of G reduce to 0 modulo G.
We will only show in detail two typical cases (cases 1 and 4) of the seven possible ones
to give an idea of the proof. The other ones can be proved analogously using the overlap
relations given here.

Case 1. Denote by gs, .. the element x;, 5., ...

3827, —2,81 ;380 —1 82m—2 Lsy,c5n_1 Lsy,.,5m 1"
Lsn,5ni1ysS2n—2 (I)(l[esl®---®esn_1,esn®.--®652n_2])’

If s, s0m o > Tsyvsmy > Tty 4,4, Lhen
OR1 := Gspsees82m—2,51,038n—1  Lt1,citn_1 Ly, 80m_2 " Is1,cSn_1,t1,eentn_1 — Ls1,.80_1 "
Ju“sn,...,sm,g'33t1,4..,tn,1—‘b(l[e“@..‘@esnil,esn®...®552n72])'QUtl,...,tn,l+$sn,“.,32n,2'Z‘tl,...,t",l'
x51,--<,sn71+xsn,--4752nfz'q)(l[et1®...®et"71,esl®..‘®es"71]) e _(I)(l[esl®...®esn71,esn®...®eszn,2])'
Lty,oitp_1 +'/I;S",...782n72.¢(l[6tl®.“®8tn71,651®~-®85n71})_‘/L‘Slyu')snfl'(D(l[etl ®‘-~®etn71aesn®-~.®632n72])+
cI)(l[esn®...®652n72 ,et1®...®et"71]) "Lsppesn_1 ®<l[€t1®~-»®etn71 ,esl®...®es"71]) Tsp,sam_a T
Ltyostnr q)(l[eﬂ@...@esnfl,esn®...®652n72])-

Since (I)(l[ej1®...®ejn71,erl®...®ern71])"rcl,...,cnfl_mcl,‘..,cn71'(I)(l[ejl@...@ejnil,er1®...®ern71]) —G

<I>(l[[eh®__,®ej em ®®er _ e, ®...®ee 71]) then the overlap relation OR1 reduces to
D(lfe,, ®...0¢0, _,len; @ ®ea, _;rean®-Beag, _o]1) ~PUler, ®..0er, _, e0, ®..®ea, _ ] eon ® . Beay _,1)T
D( [[€t1®~--®€tn_17esn®---®€s2n_2]vesl®-~®6sn_1]) = 0 modulo G by the Leibniz identity of
£®(n—1)'

o~

Case 2. Denote by h’;;l ‘ the element —zs, s o k—1Ysi,..sn 1 +

k_1y317~~-73n—1 ! xsn,7---752n—2 + ‘I)( k—lm[€51®.‘.®esn,1,€3n®..‘®632n,2])'

. pk—1
OR’2 T h‘yt1 _____ by 125mree s Som_2 . xslw--;sn—l - k_lyt17---7tn—1 .g5n7---a32n727517--475n71 reduces to

0 modulo G using the Leibniz identity of £&(=1),

Case 3. Denote by hzs1 the element —s,, . son o 2ot sm_1F Zs1,n1

Toprsszn—z T P(Tles, @80, 00, @ @euy, 1)
OR3 := hztl *Lsy,. T Rty,ntnor " Y9sn,S2n 2,851,801 reduces to 0

seer Sy —198Msee 252 —2

Sn—1

815004y8i5e0035n

n—1
. the element Lsog,.i8p” k—1Ys1,5n41,...,82n—2 + E i—1Y n
e
=2

k—1Ysi,8n11,82n—2 T %51, 8n-1" k—1Ysn, 8011, 820-2 — (I)( k—lm[esl,~~~,€sn]®€sn+1®...®652n,2 )

k=1 k—1 —
OR4 := tyslﬁm’s%i2 Lt yeostno1  Zs1,esno1 P = Tsg,eisn” k=1Ys1,8n 41,0 ,52n-2"

n—1
R E iflysl,...,;,,...,sn' k—1Ys;,snt1,....82n—2 Lt1,...,tn_1 _(I)( k—1Me,, 1~->7esn]®es”+1®---®652n72)-
=2
Ttyyetno1 T2s1,08n-1 " Ttr bt k=180, 8041, 082n-2 281,000,801 (I)( k—lm[esn,4..765277/_2]@6{,1®--«®etn_1)
n—1
-G E iflysh_“’;\i’___’sn' kflysi,srﬂrl,‘..,sQn,Q‘J/'tl,“.,tn,l_(I)( kflm[esl,...,esn]®esn+l®...®652n72 )
=2

Tyt~ Zstyesno P k—lm[esn®...®e52n_2,et1®...®etn_1]) T Tsg,nsn

o( k—lm[eﬂ@esnﬂ®..‘®e52n,27et1®.‘.®etn,1])—q’(7’[esl®..‘®esn,1,et1®‘..®etn,1])' k=1Yspn,sn41,082n—2 "
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n—1
E Tty,oitn_1’ iflysl,_“’;\“_“’sn' k—1Ys;,8n41,,82n—2 FTiy oty Q)( kflm[esl,..A,esn]®esn+1®...®652n_2 )_
=2

(I)(l[eS2®...®esn,et1®...®etn,1])' k—1Ys1,5n41,..,52n—2 G (I’(k—lm[[esl,.--,esn]®esn+1®...®652n,2,6t1®...®etn,1])+
n—1

Z(* 1Y S - d( k—lm[esi,etl,.“,etn_l]®esn+1®4..®552n_2)7

1=2

i_lysl,...,g,...,sn CI)( k_lmes,i®[€3n+1’etl"“’etn71]®e‘5n+2®“'®652n72)_
iilysl,...,g,...,sn ’ CI)( k71m65i®65n+1®[65n+2’et1""’etn71]®65n+3®"'®652n72) T
i71y817_“7g;__.7sn ’ (I)( k71m65i®65n+1®"'®e‘92n73®[652n72’et17""ef’n71]) )_

n—1

Z (I)(i_lm[esl ®-..®/€\si ®...Q€s, ety ®.~®etn,1])' k=1Ysi snpis--s2n—2 +‘I)(l552®"'®65n,71 Blesy ety ""’etn—l]).
=2

n—1
k—1y8175n+1»~-782n72+zg q)(i—lmesl®...®§Si®...®e5"71®[e5n,et1,...,et”ﬂ])' k=1Ysisnp1,82m 27
i=
(I)( kflm[esl7--~7esn,17[5571,75“7--~75tn,1]]®esn+1®---®€s2n,2) + Lsg,....8n "
n—1
(I)( k71m651®[65n+1’etl"”’etn71]®esn+2®“'®e‘52n72) + Z i_lysl,---,;\i,»--,sn
=2

¢( kflm&si ®[€sn+1 =21 7~--7€tn_1]®€sn+2 ®...Q€es,,, _o )_(I)( kflm[esl 7--<7esn]®[esn+1 €ty 7"'761/71—1]®esn+2®'“®652n—2 )+

n—1
T Ty sy 11)( kflmesl®..»®852",3®[€s2n,2Jitl,myetn,l]) + § : iflysl,...,gz,...,sn.
=2

(I)( k—1Me,, Qs 1@ B€sy, _3®[esy, o€t 7“_76%_1])7(1)( k=1 e, sn€sn |@€s, ) @ @€sy, 5 ®lesy, _5et; 7'“76%—1])7

Lso,ysn ( k_lm[esl7et1;-~-7etn_1]®esn+1®---®632n_2) — Tsg,nsn”

(I)( k—1Me,, ®les,, 1 1:€t15€t, 110,  ,®...Qes,, , )_' : .—13327___,371'(1)( k_lmESI®"‘®e‘92n—3®[652n—27et1""7etn—1])+
n—1

T D(_1m § d(._1m ~

sayeenssn @(B-1 [eslyetl7~--7etn_1]®€sn+1®---®652n_2)+‘ - (i1 [esl,etl,..A,etn_l]®652®...®esi®...®esn)
i=

k—1Ysi 8041, rS2n—2 _q)( k—lm[[esl NN l,esy ,...,esn]®esn+1 ®...Q€sq,, _o )—1—@(1[@52 1€ty sty Qs ®...Bes,, )

n—1

k=1Ys1,5n41,052n—2 T 1¥s1,83,.0080 ° (I)( k_lm[6527et11~~~7etn71]®65n+1®"'®652n72)+

n—1

Z & i—lme”@[ew,eh,.‘.,etn,l]®e52®..‘®€si®...®esn) " k=1Ysisnt1ss2n 2

i=3

(I)( kflm[eﬂv[esmetl""’efn71}’653"“’esn]®esn+1®'“®652n72 )+ ’ '+(I)(l852®“'®65n72®[65n71’efl"“’efn71}®esn )
n—2

k_lysl’s"+1"“’szn*2+z (I)( i—1m651 ®~~~®€si ®“'®65n72®[65n71 s€tq "~~7€tn71]®€5n ) k_lysi’s"+1""’s2"*2+
=2

n=2Ys1,sn—z,5n * P kflm[esn,l,etl,n-,etn,l]®esn+1®...®652n72)
(I)( kilm[e-ﬁ""16-%72’[657171@?41»"'>etn71]vesn]®esn+1®"'®‘352n72)_q)(l[eSzvehv"'vetn71]®ess®"'®65n )

k—1Ys1,8p41,....82n—2 — (I)(les2®[€s378t1,---76tn,1]®854®---®6sn) © k—1Ys1,8n41,0,82n—2

(I)(les2 ®...Qes, _,®[es, 1 ,etys-net, | 1Q€s, ) k—1Ys1,8n41,--,52n—2 _(I)(lesz®...®esn71 ®les, ety 7""61/7171]).
k—1Ys1,5m11,..50n_2 = 0 by the fundamental identity of L.

n—1
Case 5. Denote by ta i the element x4, .. s, %5, 5001, 500 T E 1Y, S s
i=2
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Z8i,8n41r82n—2 T 81,0 8n—1 " ZSn,Snt1yeS2n—2 (I)(T[esl 7~»-7esn]®es"+1®--~®652"72)'

eS2p 2 J1yeesn—1 S1y:38n—1 Zsp e, S9m—2:0150» Jn—1

Case 6. OR6 := tZS1

*Z
S2n—2

Case 7. OR7 := tzS1

82n—2 Ysn,isom—2:01in_1

As consequence of the previous proposition, we obtain

Theorem 15 (Poincaré-Birkhoff-Witt theorem). Let £ be a Leibniz n-algebra of di-
mension d. Then a K-basis of the universal enveloping algebra U,L(L) is formed by the
monomials of the type
/\a(I e Qg
x(ﬁlll o -‘ral}--anfll : h(1y11m17 BRI P ydd...d) : Z;,...,sn,I )

where h(Y11..1y -+ - s,_o Ydd...d) 1S @ MONIC Monomial in [ Y11..1,---»,_» Ydd..d and e =
0,1.

Example 16. Let £ be a Leibniz 3-algebra of dimension 2 with basis {e1,e2} and the
3-bracket defined by [e;, e;, e;] := e;, [es, e, e;] := —e;, if @ # j, and 0 in other case. A
basis of (L ® £)2™ is {ea ® €1 + €1 R e3,e2 ® €2 — €1 ® e }. Identifying

T(LeL)®(LeL)®(LeL))

with K<x11, %12, T21, T22, Y11, Y12, Y21, Y22, 211, 212, 221, 222>, We obtain gy = xa1+212, g2 =
Too — T11, 1O = 21, X1 = {1‘11,.2?12} and X2 = {l‘zl,mgg}.

A minimal Grébner basis of the ideal ®(I), with respect to the degree lexicographical
ordering z11 < x12 < T21 < T2 < Y11 < Y12 < Y21 < Yoo < 211 < 212 < 291 <
22, by Proposition 14, is G = {zgs - i — i - Tt — Pl e, enmed]) ) (6,)) < (kot)sone € X
U {x21 + 212, Z22 — 11} U {Zkt - Yij — Yij - Tht — q)(m[ei®ej,ek®et])7 Tkt * Zij — Zij " Tkt —
(I’(T[e@ej,ek.@e,,])}a:k,,exl U {2k - Yit + Yk - Yjt + Zij - Yrt — ‘I)(m[e,;,ej,ek]@@t), Tjk - Zit + Yik
Zjt + Zij - 2kt — (I)(T[ei,ej,ek}®et))}7 with 4,7, k,t € {1, 2}.

In this case G has 51 polynomials, where {@x¢ i —Tij - Trt —P(l[e, e, en@en]) } (i) < (kt)ri€ X1 =
{$12 “211 — Z11 - T12 + X21 +$12} and {fEkt *Yis — Yig - Tht — ‘I)(m[e@ej,ek@e,,]), Tkt * 245 —
Zij t Tkt — q)(r[ei@)ej,ek@et])}mmEXl = {3311 cY11 — Y11 - %11, T11 0 Y12 — Y12 - L1, L1 v Y21 —
Y21 - T11, T11 * Y22 — Y22 - T11, T12 - Y11 — Y11 - T12 + Y21 + Y12, T12 - Y12 — Y12 - T12 + Y22 —
Y11, T12 Y21 — Y21 - T12 — Y11 + Y22, T12 - Y22 — Y22 - T12 — Y12 — Y21, T11 " 211 — 211 " T11, T11°
Z12 — 212 - T11, T11 * 221 — 221 * T11, T11 * 222 — 222 * T11, T12 * 211 — 211 * T12 + 221 + 212, T12 -
Z12 — 212 T12 T Z22 — 211, T12 - 221 — 221 - T12 — 211 + 222, T12* Z22 — 222 - T12 — 212 — 221}-

G is minimal but not reduced since there are in this list polynomials which are not in
normal form, e.g., r12 - T11 — T11 - T12 + To1 + T12.

Thus, a K-basis of UsL(£) is formed by the monomials of the type

Ty - x’fz ~h(Y11, Y12, Y21, Y22)

a b
11 - T1o - My, Y12, Y21, Yo2) - 211,
h

(
zf '$If2 “h(

zy; - 951{2 “h(yi1, Y12, Y21, Y22
(

a b
11 - ) - (Y11, Y12, Y21, Y22

).
Y11, Y12, Y21, Y22) * 2125

) - 221,

).

Z99 .
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5. Implementation of calculations

In this section we describe a program in NCAlgebra (Helton, Miller and Stankus, 1996)
(a package running under Mathematica) for implementing the algorithms discussed in
this paper. The program will calculate the reduced Grébner basis of the ideal ®(7) that
determines U, L(L) for small values of n and low dimensions of L.

g s s s
(¥ This program computes the reduced Grébner Basis of the ideal ®(I). To
run properly this code it is necessary to load the NCGB package *)
B S S s s s

(* Let be L a Leibniz n-algebra of dimension d *)

n= (*x Write here the value of n *)

d= (* Write here the value of d *)

(x Bracket is represented by Bracket[{si,...,s,}] ={a1,...,aq} where [es,,...,€5,] =
aie; +---+ageq. In Example 16, e.g., Bracket[{1, 1, 2}] :={0,-1} %)

(* Relations are generated *)

(x Type (1) relations *)

RelationsOne[IndexSet_List, k_] :=
x[Take[IndexSet, {2, n}]] *x*

y[Join[{k - 1}, {IndexSet[[1]]}, Take[IndexSet, {n + 1, 2*n - 2}1]1] +

Sum[y[Join[{i - 1}, Take[IndexSet, {1, i - 13}],
Take[IndexSet, {i + 1, n}]]] ** y[Join[{k - 1}, {IndexSet[[i]]},
Take[IndexSet, {n + 1, 2*n - 2}]1]1], {i, 2, n - 1}] +

z[Take[IndexSet, {1, n - 1}]] *x*

y[Join[{k - 1}, Take[IndexSet, {n, 2*n - 2}]1] -

Bracket [Take [IndexSet, {1, n}]].Tablel[y[Join[{k - 1}, {i},
Take[IndexSet, {n + 1, 2*n - 2}11]1, {i, 1,d}]1}

(* Type (2) relatiomns *)

RelationsTwo[IndexSet_List] :=
x[Take [IndexSet, {2, n}]] *x

z[Join[{IndexSet[[1]]}, Take[IndexSet, {n + 1, 2*n - 2}]]] +
Sum[y[Join[{i - 1}, Take[IndexSet, {1, i - 1}],
Take[IndexSet, {i + 1, n}]]] ** z[Join[{IndexSet[[il]},
Take[IndexSet, {n + 1, 2*n - 2}]]1], {i, 2,n- 1}] +
z[Take[IndexSet, {1, n - 1}]] ** z[Take[IndexSet, {n, 2*n - 2}]1] -
Bracket [Take[IndexSet, {1, n}]].Table[z[Join[{i},
Take[IndexSet, {n + 1, 2*n - 2}111, {i, 1, d}]

(* Linear Components of relatioms (3), (4) and (5) *)

LinearComponents [IndexSet_List, var_List] :=
Module[{target},

target = {};

target = Sum[ Bracket[Join[{IndexSet[[i]]},
Take [IndexSet, {n, 2*n - 2}]1].
Table[var[[1]] [Join[var[[2]], Take[IndexSet, {1, i - 1}1, {j},
Take[IndexSet, {i + 1, n - 1}111, {j, 1, d}1, {i, 1, n - 13}];

Return[target]; ]
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(* Type (3) relatiomns *)
RelationsThree[IndexSet_List] :=
x[Take[IndexSet, {n, 2*n - 2}]] ** x[Take[IndexSet, {1, n - 1}]] -
x[Take[IndexSet, {1, n - 1}]] ** x[Take[IndexSet, {n, 2%n - 2}]] -
LinearComponents [IndexSet, {x, {}}]
(* Type (4) relatiomns *)
RelationsFour[IndexSet_List, k_] :=
x [Take[IndexSet, {n, 2*n - 2}]] *xy[Join[{k - 13},
Take[IndexSet, {1, n - 1}]1] - y[Join[{k - 1},
Take[IndexSet, {1, n - 1}]]1] *x x[Take[IndexSet, {n, 2*n - 2}]] -
LinearComponents [IndexSet, {y, {k - 1}}]
(* Type (5) relatiomns *)
RelationsFive[IndexSet_List] :=
x[Take[IndexSet, {n, 2*n - 2}]] ** z[Take[IndexSet, {1, n - 1}]] -
z[Take[IndexSet, {1, n - 1}]] ** x[Take[IndexSet, {n, 2*n - 2}]] -
LinearComponents [IndexSet, {z, {}}]
(* Generators of the ideal ®(I) *)
G ={}
A = Tuples[Tablel[i, {i, 1, d}], 2*n - 2]
lengA = Lengthl[A]
(* All type (1) relations are generated *)
Do[ Do[G = Join[G, {RelationsOne[A[[i]], k1}], {i, 1, lengA}],{k,2,n - 1}]
(* All type (2) relations are generated *)

Do[G = Join[G, {RelationsTwo[A[[i1]1}] , {i, 1, lengA}]

(* A1l type (3) relations are generated *)

Do[G = Join[G, {RelationsThree[A[[i]]1]3}] , {i, 1, lengA}]

(*x All type (4) relations are generated *)

Do[ Do[G = Join[G,{RelationsFour[A[[i]],k]}],{i,1,1lengA}],{k,2,n-1}]

(* All type (5) relations are generated *)

Do[ G = Join[G, {RelationsFive[A[[i]]1]}] , {i, 1, lengA}]

(* Noncommutative variables are defined *)

Variabs = {}

B = Tuples[Table[i, {i, 1, d}], n - 1]

lengtB=Length[B]

Do[Variabs = Join[Variabs, {x[B[[il]1}]; , {i, 1, lengtB}]

Do[ Do[Variabs = Join[Variabs, {y[Join[{k - 1}, BL[i]1111}];
> {17 1: 1engtB}], {k: 2’ n - 1}]

Do[Variabs = Join[Variabs, {z[B[[i]]11}];, {i, 1, lengtB}]

SetNonCommutative @@ Variabs

SetMonomialOrder [Variabs]
NCMakeGB[G, 10]
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(* This output gives the normal forms of the polynomials
which appear the Proposition 14 *)
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